DIFFERENTIATION RULES

General Formulas

Assume x and v are differentiable functions of x.

Constant: %(0) =0
Sum: %(uva =Z—Z+—Z—;
Difference: %(u —v) = % - %’i
Constant Multiple: 4 (cu) = c@
dx dx
Product: ad;(uv) = u% + v%
Jdu _ dv
Quotient: % <%> = _dx7_d1
Power: _dd;xn = px"!

Chain Rule: % (f(g(x) = f'(gx))- g’ (x)

Trigonometric Functions

d

I (cosx) = —sinx

d , . B
dx(smx) = Ccos X

d — cap? d _
e (tanx) = sec”x I (secx) = secxtanx

2

d - 4 - _
o (cotx) = —csc x e (cscx) csc x cotx

Exponential and Logarithmic Functions

iex=ex —lnx=l
dx dx x
i X — 4% —i = —
¢ a'lna dx(log”x) xIna

Inverse Trigonometric Functions

Aoty = ) d Ty — L

e (sin™" x) = o (cos ' x) =

d — 1 d - 1

£ (tan"'x) = L (seclx) = —F———
dx 1 + x2 dx x| /2 — 1
d -1 1 d -1 1

—_ Ot = — _ = —_——-—
G0 =175 gy TVl 1

Hyperbolic Functions

A - 4 -
i (sinhx) = coshx e (coshx) = sinhx

d — 2 d _
ir (tanhx) = sech”x e (sechx) sech x tanh x

d

4 — ecch?
I (cothx) = —csch™x e

(cschx) = —cschxcothx

Inverse Hyperbolic Functions

1 d

dr-l) = ly) = ———

o (sinh™ x) = (cosh™" x) =

d 1y = d 1) = — 1

i (tanh " x) [~ 2 e (sech™ " x) = BV
d - 1 d - 1

£ (coth™'x) = L (esehlx) = ————F——=
dx 1-x dx lxl\/1+x2

Parametric Equations
Ifx = f(t)and y = g(¢) are differentiable, then

Y T dx T dx/dt




e
A BRIEF TABLE OF INTEGRALS
u
l.fudu=uv—[vdu 2./a“du=la—-+(,‘, a#1l, a>0
na
3. fcosudu=sinu+C 4. fsinudu=—cosu+C
n _M g1
5./(a.r+b) dx = 2+ 1) +C, n# -1 6. [ (ax + b) a’x—E!n‘|ax+b|+C
__(ax+b)”” ax + b b
7.[x(ax+b)"dr— g prrug Yl | +C, n#-1,-2
8. /x{a.t+b)_1dx=§— Lt Inlax +b] + C
) 24 =1 | b _dx 1| _x
9.].\(&x+b) dx—az[ |ax + b| + +b]+C w'/x(ax+b) bln |+C
n+2
" 2( ] Vax+ | |
nf\/ +b) dx=G——35—+C n¥-2 12/ 2Vax +b+b \/___
13. (a)/ N By (b)f——=~'— gy b +C
xVax - \f Vax+b Vb |Vax +\/_
14 /———-‘de __W+Efﬁ_+c 15/ dx =_“ax+b_£. @& .
% 2) xVax + b *Vax + b bx 2b) yNax + b
e _ L ¥ f de  ___x b o iy
16. 22 + 52 gtan 7 +C 17. @+ 2P 24%a® + ) 2&,3“’“ atC
dx 1 x+a x + a
L =& =Lln|idl s +Lm|Ete 4 c
L a* - x* 2qa "|Xx—a 2 _[(a = x%) 2 2a%(a* — x*)  4a’ -~
20./—-——;%=sinh"’%+c=ln(x+Va2+x2)+C
2
21. /\/a2+x3dr=%\/a2+x2+ 92—111(.\'+ Va> + %) + C
4
22. /xl\/az+x2dx=%(a2+2x2)\/a2+x2—38—ln(x+ Vaz+x2)+C
T-1




T-2 A Brief Table of Integrals

0+ Vit s
X

23./—-—de=\/a2+x2—aln +C
A/ A2 2 2 2
24./—"%dx=1n(x+ ) - ¢
X
x2 _ a’ 2 2 xVa? + x?
25./\/mdx———2—ln(x+ @ +x7) + St
26 /_dx—z_llna__-‘r— 'az-‘r‘xz +C 27/ dx =_Va2+x2+c
xVa? + x? ¢ x . *Va? + x? a’x ,
d - 2
28./—;%;=sm1§+c 29. /\/az—xzdx=% a® —x* + Ssinlg + C

4
30. /xz\/az—xzdx=% _1% % Va* — x*(@? — 2% + C

A/2_ .2 Va2 Va2 7 _ 2
31./—a)c—xdx= a’—x*—aln at Var - x" +C 32/ —sin”%-%i—i-c
33 /—iz—dx=“—2 Ar 1IN P 34 /7’5:—11 at+ Vai= x| | ¢

«/az_xz 2 a 2 Va2 — 2 a x

dx _ a® — x? dx _ X
35./x2\/m— azx + C 36./\/;2—_—615—008}1 E+C

37./\/xz—azdx=§\/x2—a2—a721n|x+ \/xz—a2|+C =1n|x+ \/xz—a2|+C
2 _ _3\"
38. /( xz—az)ndx=x( i a) - na® /( xz—az)n_2dx, n+ —1

n+1 n+1
dx _x( xz_az)Z—n n—23 dx
39-/( x2—a2)"_ (2 — n)a? _(n—2)a2/( x2—a2)"_2’ n#2
2 _ 2n+2
40'/x(m)ndx=£~%+c, n#—2

4
41. /xz\/xz—azdx=2§-(2x2-a2)\/x2—a2—gg—ln‘x+ \/xz—az‘+C
42/ Vx2 —a? — asec | + €

A/y2 _ 52 A/v2 2
43-/%dx=ln‘x+ \/xz—a21——xx a L ¢

_xz_.__ _a_z 2 2 X 2 2
44-/ /——xz_ade—zln'X‘*‘ Vx—a|+§\/x—a +C

_dx  _ 1 x 1 g \ dx _Vxr = 4t
45./): 2 — 42 q 5¢¢ lal+C—acos lxl+c 46'/x2 xz_az— a’x +C



47

48

49,

50.

51

52

53

54

56.

58.

60.

61.

62.

63.

65

67.

X —a

dx 1
e () e
_ 2 -~
./\/2ax—x2dx= zav2ax—x2+%sin_1<xaa
(x—a)(\/Zax—xz)n 2
= +

na
n+1

n+1
(x — a)( V2ax — xz)z_n

X

)

[ (Vo =)

A Brief Table of Integrals

+ C

[ (Vi =)

/ dx _ n—3
(\/Zax — xz)n (n — 2)a®
./x\/2ax—x2dx=(x+a)(2x_éa) 2ax—x2+a7351

A/ — 2 _
/%dx= \/2ax~x2+asin‘l(¥>+c

\/ . —
. /_____Zaxz *dx = _21,2ax X — sin™! (x >+ C
x

—a
a

a
a

_ xdx = gsin™!
| \V2ax — x2

. X
n‘(

dx
T 2)a2/ (Vaax — 22"

Xx—a
a

)+

C

-~ V2ax - x>+ C 55./—“"‘——=—11/2“_x+c
) xV2ax — x? a4 *

/sinaxdx=—%cosax+C 57. /cosaxdx=%sinax+c
/sinzaxdx=% Sir;%+C 59./cos2axdx=%+5ir;%+C
/sin”axdx = _sin"“lgzco/sax + 2 ; 1/ sin" 2 ax dx

/cos"axdx = cos”_lr%csinax + 2 ; 1/ cos" 2 ax dx

@) / sin ax cos by dx = — COZS((:: :))x - COZS((;__ ;’))x +C at# b

) ./sinaxsinbx dx = Si;((;’ - I[)’))x - Si;((z : :;x +C, at#b?

(c) /cos ax cos bx dx = Si;((s : :;x Si;((;l : :))x +C, a®# b?
/sinaxcosaxdx=—%+c 64, /sin"axcosaxdx=%+€,
. /de=%ln|sinax| +C 66. /cos”axsinaxdx=—M+C,
sin ax (n+ a

/sg;gdx = —%ln |cosax| + C

n#*-—1

n+—1

T-3



T-4 A Brief Table of Integrals

son—1 m+1 _
68. sin" ax cos™ ax dx = — 2% GXC0S  ax 7 1 sinf" 2axcos™axdx, n # —m (reduces sin” ax)
alm + n) m+n
iRt m—1 _
69. sin” ax cos™ ax dx = SR gXCoS ax  m 1 sin"axcos™ 2axdx, m # —n (reduces cos™ ax)
a(m + n) m+n
dx _ —2 | (b~ ¢ T ax 2 2
70. /b+csinax—a bz_cztan [ b+ctan<4 2>}+C’ b*>e
dx _ —1 ¢+ bsinax + Ve? — bZcosax 2 2
71. - = In +C, b°<c
b + csinax aVe? — b2 b + csinax
ax  _ _1 (7 _ ax o 1 (7 ax
72'/1+sinax_ atan<4 2>+C 73. l—sinax_atan<4+2>+c
dx _ 2 - b—c,  ax T2 2
74'/b+ccosax—a bz_cztan [b+ctan2}+c, b">¢
dx _ 1 ¢+ bcosax + Ve 2 sin ax 2 3
75. = In +C, b"<c
b+ccosax N[22 _ p2 b + ccosax
e _ 1. ax e _ _1 L ax
76./1+Cosax—atan2+C 77'/1—cosax_ acot2+C
78. /xsinaxdx=%sinax—%cosax+c 79. /xcosaxdx=%cosax+%sinax+c
a a
n o — x" n n—1 n _xn : n n—1 o
80. [ x"sinaxdx = —"Fcosax + 7 [ x"" cosaxdx 81. [x"cosaxdx = Tysinax — 4 [ x sin ax dx
82. /tanaxdx=%1n|secax| +C 83. /cotaxdx=%ln|sinax| +C
84. /tanzaxdx=%tanax—x+c 85. /cotzaxdx=—%cotax—x+C
n—1 n—1
86. tan"axdx=u— tan" Zaxdx, n# 1 87. cotax dx = — _got ax _ cot" Zaxdx, n# 1
aln — 1) a(n — 1)
88. /secaxdx=%ln|secax+tanax| +C 89. /cscaxdx=—%ln|cscax+cotax| + C
90. /seczaxdx=%tanax+c 91. /csczaxdx=—%cotax+c

n—2 _
92. /sec" ax dx = seca(naftalu)lax + Z — %/ sec" Zaxdx, n# 1

n—2 —
93. esc ax dy = - & cot ax + 2 2 esc” Yaxdx, n#1
aln — 1) n—1

sec ax csc” ax

94, /sec”axtanaxdx = +C, n#0

+C, n#0 95./csc”axcotaxdx=—



A Brief Table of Integrals T-5
96. /sin_laxdx = xsin"lax + ;11—\/1 —-a¥x*+C 97. /cos_laxdx = xcos ' ax — l\/l - a2+ C

98. /tan_laxdx = xtan"' ax — —ln(l +a%?) + C

+1 n+1
99. [ x"sin'axdx = = sin"!ax — —2 X , n#—1
n+1 n+1 1 — ax
+1 n+l
w1 _x" -1 a dx _
100./xcos ax dx P ax+n_+_1 e n#*—1

101.

_ xn+1 4 a xn+1dx
x"tan L ax dx = n+1tanax P 1+a2x2’n¢ 1

{Q“

n +C, b>0,b#1

[l

104.

102. /e“xdx Ly c 103./b“"dx—;11—
/e‘”‘dx 2(ax—l)+C 105. /xnea‘xdxz%x"ew‘_%/xn*leaxdx

106, [xp@ax = X2Z [ nlper g b>0b#1 107, [ e®sinbxdx = —°—— (asinbx — beosbx) + C
alnb a? + b?

alnb
ax
108. /e“xcosbxdx = ﬁ(acosbx + bsinbx) + C 109. /lnaxdx =xlnax —x+ C
a
x"“(lnax)’" m
n m — — n m—1 _
110. /x(lnax) dx = P n+l/x(1nax) dx, n# —1
1 m+1
111 [ x'(lnax)"dx = {lnax)"” +C m# -1 112. & _ g |lnax| + C
m+ 1 xInax
113. /sinhaxdx=;1,-coshax+c 114, /coshaxdx=%sinhax+c
115. | sinh?axdx = SB12ax _ X 4 o 116. | cosh?ax dx = SmA24X L X | o
4a 2 " 4a 2
sl _
117. /sinh”axdx _ sinh ;al;ccoshax . 7 1/sinh"'zaxd.x, n#0
n—1 : _
118, /cosh" ax de = SOS”_axsinhax | 5 = l/cosh”_zaxdx, n# 0
119. /xsinhaxdx = %coshax - %sinhax + C 120. /xcoshaxdx = %sinhax - %coshax +C
a a
n o _xn n n—1 n _xn H n n—=1 o:
121. [ x"sinhaxdx = 75 coshax — 7 [ x" " coshax dx 122. [ x"coshaxdx = “gsinhax — 7 [ x"” sinhax dx
123. /tanhaxdx = %ln(coshax) +C 124. /cothaxdx = %ln |sinhax| + C




T-6 A Brief Table of Integrals

125. /tanhzaxalt=x—*%tanhax+c 126. /cothza.rdr=x—zlicothax+ C

tanh” ' ax

+ [ tanh" Zaxdx, n# 1
(n— 1a

127. /tanh"axdx =i

n—1
128. coth"axdx=—m—ax+ coth" ?axdx, n# 1
(n — 1a
129. /sechaxdx=%sin‘1(tanhax) + € 130. /cschaxdx=%1n zanhﬂzx-| +C
131. /sechlaxdx=%tanhax+c 132. fcschzaxcit=-%colhax+c
= JL
133.-/‘sech".rmc;&nr=s"e":h’1r axtanhax+n 2 sech" Zaxdx, n# 1
(n — 1a n—1
n—2 - _.
134, csch"axdx=—CSCh axcotion - n =% esch"2axdx, n# 1
; (n = 1a n—1
l35./sech"axtanhaxdx=—m+c n#0 IM./csch”axcomaxdx=—csc,?am+C n#0
137 ] 6% sinh b e = & A ] +C, a*#b?
' 2 la+b a-b
198 e coshbyide = & e, e +C, a®#b?
; ¢ 2la+b a-b '
139. / " le*dx=Tn)=(—-1), n>0 l40.f e"’*zdx=é“ %, a>0
0 0

if n is an even integer =2

*3:5- -
141, / dx = / d S
sin” x cos"x dx =
2:446- -1
0 3 (n ) if n is an odd integer =3




SERIES

Taylor Series

1

1—=1+x+x2+---+x"+ =>x"  |x| <1 1
- X n=0 l
SR S VI S — = %(—D”x”, x| <1 ‘
1 +x =
x2 X" o0 .
X—1+x+§+---+ 2 x| < o0 q
= ;
3 5 2 +1 o0 (_1)nx2n+1
S T A n__X_ = N
smx =x =37+ 5 (=1 (2n + 1) S en+ x| < o
R 2 ® (- 1)” 2n i
=1 -2 4+ 2 — ... 4+ "= <
cosx =1 -3y + 3 (-1 (2 )' 2 2y x| < o0
2 3 n —1 n—1_n
In(l+x) =x—%+% — - + (-5 + =n;(—ln—x— “l<x=1
1+x— o _X_3_ Z_5 2n+1 _ x x2n+1
lnl_x—Ztanh x—2(x+3+5+ +2n+1+ —2’1202'1_'_1, x| <1
3 5 w2t ® (- l)n 2n+1
-1, — . X X n
tan"x =x -3+ g 1 K=l |
%
!
Binomial Series '
— x? - - 2)x’ — 1)(m — —k+ Dx*
(1+x)’”=1+mx+m(m Dx +m(m D(m — 2)x m(m Ym —2)--(m )x N
2! 3! sl
o0
=1+kzl<’z>xk, |x] <1,
where
m ' m m(m — 1) m mm—1)---(m—k+1)
(1>=m, <2>=——-—2!———’ (k)= k' fork23. H




LIMITS

General Laws

If L, M, ¢, and k are real numbers and

lim f(x) = L and lim g(x) = M, then
X—*c X—*C

Sum Rule: lim(f(x) + glx)) =L + M
I—*c

Difference Rule: lim(f(x) —gx)) =L - M
x—c

Product Rule: lim(f(x)-g(x)) = L-M
I—*c

Constant Multiple Rule: lim(k- f(x)) = k- L
X=*c

) . S
Quotient Rule: }l_rn gx) M M#0
The Sandwich Theorem

If glx) = f(x) = h(x) in an open interval containing ¢, except
possibly at x = ¢, and if

lim g{x) = lim A(x) = L,
X=*c I—c
then lim,—. f(x) = L.

Inequalities

If f(x) = g(x) in an open interval containing c, except possibly
at x = ¢, and both limits exist, then

|i_|3’l flx) = Ii_.m glx).
Continuity

If g is continuous at L and lim,—.. f(x) = L, then

lim g(f(x)) = g(L).

Specific Formulas
IfP(x) = apx" + apyx™ ' + -0 + ap, then

lim P(x) = P(c) = a,c" + an_lcn—l TR,
X—*c

If P(x) and Q(x) are polynomials and Q(c) # 0, then

i 26 _ PO
x—e Q(-t) Q(C} ’

If f(x) is continuous at x = ¢, then

}i_fprf(x} = f(e).

sinx _ |l —cosx _

e W el
L'Hépital’s Rule

If f(a) = g(a) = 0, both f" and g’ exist in an open interval /
containing @, and g'(x) # O on/ifx # a, then

L fx) . f)
LoprmEd o erny

assuming the limit on the right side exists.

2 real

V°F



INTEGRATION RULES

General Formulas

Zero: / flx)dx =0
a b
" Order of Integration: / flx)dx = — / flx) dx
h a
b b
Constant Multiples: / kf(x) dx = kf flx)dx (Any number k)
b b
/ —flx)dx = -/ flx) dx (k=-1)
b b b
Sums and Differences: / (flx) £ glx))dx = / flx)dx £+ [ g(x) dx
b [ ‘ c ‘
Additivity: / flx)dxy + / flx)dx = / J(x)dx
a b a

Max-Min Inequality: If max f and min f are the maximum and minimum values of f on [a, b]. then
b
min f+(h — a) = f fx)dy = max f+(b — a).

L] b
Domination: f(x) = g(x) on [a,b] implies /f(x}d.\'Z/g{.t]dr

o

b
flx) =0 on [a.b] implies /f(.\')dxa()

The Fundamental Theorem of Calculus

Part 1 If f is continuous on [a, b], then F(x) = f:f(f] dr is continuous on
[a, b] and differentiable on («, b) and its derivative is f(x);

F(x) = % / iy de = (),

Part2 If f is continuous at every point of [a, b] and F is any antiderivative of f
on [a, b], then

b
/f[X)fit = F(b) — Fl(a).

Substitution in Definite Integrals Integration by Parts
gihl b

h b
3 f(g{\'n ‘g'(.\f] dx = f‘ u) dh‘ fl-\'}g,{-") dy = fl".}g{.'t]]:t B / f'{.t‘}g(.\'}d.‘t’

gla)

Wil




Formulas for Grad. Div, Curl, and the Laplacian

VECTOR OPERATOR FORMULAS (CARTESIAN FORM)

The Fundamental Theorem of Line Integrals

1. Let F = Mi + Nj + Pk be a vector field whose components are
continuous throughout an open connected region D in space. Then
there exists a differentiable function f such that

af . aof .  af )
F=‘.f=ﬁl+a—y- *El\
if and only if for all points 4 and B in D the value of ‘[;.3 F -dr is inde-
pendent of the path joining 4 to Bin D.

2. Ifthe integral is independent of the path from A to B. its value is

B
[ F-dr = f(B) — f(A).
JA

Cartesian (x, ), z)

i, j, and k are unit vectors
in the directions of
increasing x, v, and z.

M, N, and P are the
scalar components of
F(x, v, z) in these
directions.

. af ... of. . of
Gradient Vf = nxit Fj + Ek
) _aM N | aP
Divergence | V-F = =TT ®

i j k

B R )

o VXE= |5 vy dz
M N P

R o Y o) A

Laplacian | V°f = —f + —f + ——’;
axt vt az’

Vector Triple Products

(uXv)rw=(vxXwru=(wxXu)v

uX(vxXw) =(uwhv—(uvw

Vector Identities

In the identities here, f and g are differentiable scalar functions, F, Fy, and F; are differentiable vector fields, and « and b are real

constants.

VX (V=0

V(fg) = fVg + gVf

V- (¢F) = gV-

F+ Vg F

VX (gF)=gVXF+ VgxXF

Vi(aF, + bF3) = aV+F, + bV-F,

VX(&F|+bF3}:aVXF|+bVXF1

V(F,-F2) = (F;* V)F2 +‘(F3' VIF, +
Fi X (VX F;) + F, X (VXF))

Green'’s Theorem and Its Generalization to Three Dimensions

fl:'nds = j]-\_'-Fd.-!

Normal form of Green’s Theorem:

c R
Divergence Theorem: //F- ndo = //[ V-FdV
5 b’
Tangential form of Green’s Theorem: _ygF-dr = [/ VXF-kdA
¢ R
Stokes’ Theorem: #F-dr = // VX Fendo
¢ §

Ve(Fi XF)) =F:*VXF —F-VXF

VXI(F XF;)= {F:'T)F] —(F-V)F, +
(V-F2)F; — (V-F))F,

VX (VXF)=V(VF) — (V-V)F = V(V-F) — V°F

(VX F) X F=(F-V)F — %V{F-F)




